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Abstract 



o 

o , 

. In this note we derive the Q-difference Bernoulh- Taylor formula with 

the rest term of the Cauchy form by the Viskov's method [Ij. This is 
^ I an extension of technique presented in [Sj EJ [7] by the use of Q-extented 

Kwasniewski's *^-product OS]. The main theorems of Q-umbral calculus 
! were given by G. Markowsky in 1968 (see [2]) and extented by A.K.Kwasniewski 

mm- 
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1 Introduction - Q-umbral calculus 

We shall denote by P the algebra of polynomials over the field F of characteristic 
^ ' zero. 

^ . Let us consider a one parameter family F of seqences. Then a sequence ^jJ is 

(yQ '. called admissible ( [21 H] ) if t/^ G JF. Where 

in 

d ■ J^={^:RD[a,b];qe[a,b]: ^(g) : Z F; ^o(g) = 1, ^ 0, 

^- ^'_„,(g) = 0,n e N} 

O 

Now let us to introduce the \l/-notation P f5j: 

>< I n^ = ^n-i(g)^;'(g); 



n| = n^{n - 1)^ - ■ ■ {n - k + 1)^, 



k/^ k^\ 



oo ^ 

fc=o 



Definition 1.1. [21 [3] Let Q be a linear map Q : P ^ P such that: 

Vp G P deg{Qp) = (degp) — 1 

degp = — 1 means p = const = 0. Then Q is called a generalized differential 
operator [2]. 
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Definition 1.2. |2J A normal sequence of polynomials {qn}n>o has the following 
properties: 

(a) degqn{x) = n; 

(b) WxeF qo{x) = 1 ; 

(c) Vn > 1 g„(0) = . 

Definition 1.3. [2], [3] Let 5'n(x)„>g be the normal sequence. Then we call it 
the V'-basic sequence of the generalized differential operator Q [or Q — -^-basic 
sequence) if: 

> Qqn{x) = n^qn-i{x) 

In [2] it is shown that once a differential operator Q is given a unique -^-basic 
polynomial sequence and the other way round: given a normal sequence qn{x)^^Q 
there exists a uniquely determined generalized differential operator Q. 

Definition 1.4. [2,^ The XQ-operator (Q-multiplication operator, the operator 
dual to Q ) is the linear map Xq : P ^ P such that: 

V„ > l«,,.(,x) = 

[n + 1)^ 

Note that: [Q,a:Q] = id 

Definition 1.5. [3J Let ^?n(3;)„>o be a Q — -i/^-basic sequence. Let 

Ey{Q) = Ey{Q) = expQ,^yQ = 

fc=o 

Ey{Q) = Ey{Q) is called the Q — ■j/'-generalized translation operator. 

As was annouced in [5], |7], the notion of Kwasniewski's *^ product and its 
properties presented in [3] can be easily Q-exteted as follows. 

Definition 1.6. [3] 

fi + 1 

X *Q qn{x) = XQ{qn{x)) = — — — — (x) , n > 

yfl + i 

(n + 1)' 

a;" *Q qn{x) = = ; , qn+i{x), n > 

Therefore 

x *Q al = X *Q aqo{x) = XQ{aqo{x)) = axQ{qo{x)) = ax*Ql 

and 

fix) *Q qn{x) = f{xQ)qn{x) 

for every formal series f. 
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Definition 1.7. According to definition above and ^ we can define Q-powers of 
X by reccurence relation: 

x^*Q = 1 = go(x) 
=x*Q (a;("~^)*«) = xq(x("-i)*«) 

It is easy to show that: 

Also note that: 
and 

h\ 

X'*<^ *Q X^*<^ = jnlk+nix) 

SO in general i.e. for arbitrary admissible and for every {Q'n}n>o it is noncom- 
mutative. 

Due to above definition one can proof the following Q-extented properties of 
Kwasniewski's *^ product [21 H]. 

Proposition 1.8. Let f,g be formal series. Then for *q defined above holds: 

(a) Qx"*« = nx("-^)*«, n > 0; 

(b) expg = exp axql where expg ,^ ax = ^4^^^^- 

(c) Q{x'' *Q a;"*«) = {Dx'') *q + x^' *q (Qx"*^); 



(d) g(/ *Q g) = (Df) *Qg + f*Q (Qg), (Q-Leibnitz rule); 

(e) /(xq)^(xq)1 = /(x) *Q^; ^(x)=^(xq)1. 

According to [21 E], let us to define Q-integration operator which is a right 
inverse operation to generalized differential operator Q i.e.: 

Q ° y dqt = id 

Definition 1.9. We define Q-integral as a linear operator such that 

qn{x)dQX = - — ^—^qn+i{x); n > 0. 
Proposition 1.10. 
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(a) Qo£f{t)dQt = f{xy, 

(b) j:{QfmdQt = f{x)-f{ay, 

(c) formula for integration "per partes" : 

if*QQ9){x)dQX=[{f*Qg){x)f^- / {{Df)*Qg){x)dQX. 



2 Q-umbral calculus Bernoulli- Taylor formula 

In [1] O.V.Viskov establishes the following identity 

fc=0 

what he calles the Bernoulli identity. Here p, q stand for linear operators satysfying 
condition: 

(2.2) [p, q] = pq — qp = id 

Now let p and q be as below: 

p = Q, q = XQ-y, y eF 
From definition (1.4) we have [Q, xq — y] = id. After submition into (12.11) we get: 



k=0 

Now let us apply it to any polynomial (formal series) /: 

^^ {y-XQnQ'fm _ [y - xQnQ-^' f){t) 

k=0 

Now using definitions (1.6) and (1.7) of *Q-product we get: 



k=0 



After integration fy dqt using proposition (1.2) it gives Q-difference calculus 
Bernoulli- Taylor formula of the form: 

n 

(2.3) fix) = ^ -(x - y)'*'^ *Q {Q'fM + Rn+i{x) 

where Rn+i stands for the rest term of the Cauchy type : 

(2.4) /2„+i(x) = i- Hx - tr^ *Q iQ^+'fmd^t. 



y 



5 



3 Special cases 

1. An example of generalized differential operator is Q = d^. Then Qn = 
and d^x"' = n^x"'~^ for an admissible ip. is called -^-derivative. Then 
also xq = x^ and x^x" = -^^^^x"^^"^ and [9^, x^p] = id. In this case we get 

-difference calculus Bernoulli- Taylor formula presented in [5l EJ [7] of the 
form 

k=0 

with 

Rn+l{x) = ^ fix - *^ {d;+'f){t)d^t. 

In [3] there is given a condition for the case Q = Q{d^) for some admissible 
'?/'(see Section 2, Observation 2.1). 



l-x 



2. For Q = d^, qn{x) = x", n > the choice ipniq) = [r(^.^ ^i^) - jr^ 
gives the well known g-factorial Ugl = nq{n — l)q. . . 2^1,, for = 1 + g + 
+ . . . + q^~^. Then = dg becomes the well known Jackson's derivative 



d,: 



(1 — q)x 

The 9g-difference version of the Bernoulli- Taylor formula was given in [5] by 
the use of *g-product. 



3. By the choice Q = D = qn{x) = and ipn = after submition to 
(12.31) . (12. 4p we get the classical Bernoulli- Taylor formula of the form: 

fix) = f: ^-^^f'\c.) + f ^^^n\t)dt 

k=0 ' ^' 

where /('=)(«) = {D^f){a). 
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